Abstract. Let G be a nilpotent group and a ∈ G. Let a G = {g −1 ag | g ∈ G} be the conjugacy class of a in G. Assume that a G and b G are conjugacy classes of G with the property that |a G | = |b G | = p, where p is an odd prime number.
Introduction
Let G be a finite group, a ∈ G and a G = {a g | g ∈ G} be the conjugacy class of a in G. Let X be a G-invariant subset of G, i.e. X g = {x g | x ∈ X} = X for all g ∈ G. Then X can be expressed as a union of n distinct conjugacy classes of G, for some integer n > 0. Set η(X) = n.
We can check that given any two conjugacy classes a G and b G of G, the product
is the number of distinct conjugacy classes of G such that a G b G is the union of those classes. In this note we study the product a G b G when G is a nilpotent group, and |a G | = |b G | = p for some prime p. The main result is the following Theorem A. Let p be an odd prime number. Let G be a finite nilpotent group, a G and b G be conjugacy classes with the property that |a
G is the union of at least p+1 2 distinct conjugacy classes. For a fix prime p > 3, we want to emphasize that Theorem A is a statement about a "gap" among the possible values that η(a G b G ) can take for any finite nilpotent group G and any conjugacy classes a G and b G of size p. We wonder if there exist any other "gaps".
Given any prime p > 2 and any integer n > 0, we provide an example in Proposition 4.3 of a p-group G and a conjugacy class a G of G such that |a
2 . Thus the bound of Theorem A is optimal. In Proposition 2.7 it is proved that if G is a finite group, a G and b G are conjugacy classes of size two, then η(a G b G ) = 1 or η(a G b G ) = 2. An application of Theorem A is the following Theorem B. Let p be an odd prime number. Let G be a nilpotent group and a G be a conjugacy class of size p. Then one of the following holds
ii) a G a G is the union of exactly p+1 2 distinct conjugacy classes of G of size p. Given any prime p > 2, we provide an example in Proposition 4.6 of a finite supersolvable group G and a conjugacy class a G of G of size p with η(a G a G ) = 2. Thus Theorem B may not remain true if G is only a supersolvable group.
For similar results in character theory, see [3] . Acknowledgment. I would like to thank Professor Everett C. Dade for very useful emails, and for helping me to improve the presentation of this note.
Proof of Theorem
In particular, we get that |a
Through this note, we will use the well know fact that |a
Lemma 2.1. Let p be an odd prime number, and r, s and t be integer numbers. The set {ri 2 + si + t mod p | i = 0, . . . , p − 1} has either one element or at least
We conclude that the set {ri 2 + si + t mod p | i = 0, . . . , p − 1} either has only one element or it has at least p 2 elements, and therefore at least p+1 2 elements.
Lemma 2.2. Let G be a finite p-group and N be a normal subgroup of G. Let a and b be elements of G.
Lemma 2.3. Let G be a finite group and a, b ∈ G. Then
Proof. See Lemma 2.1 of [1] .
and G is a finite group, it follows that [ab, G] is a subgroup of G. By Lemma 2.2 of [1] we have that [ab, G] is a normal subgroup of G since it is a subgroup of
G and the proof is complete.
Lemma 2.5. Let G be a finite group, a G and b G be conjugacy classes of G. If
We can check that C G (a g ) = (C G (a)) g and the second statement follows.
Lemma 2.6. Let G be a finite group, a G and b G be conjugacy classes of G with
Proof. See Proposition 3.4 of [1] .
Proposition 2.7. Let G be a finite group, a G and b G be conjugacy classes of G with |a
Lemma 2.8. Let G be a finite group, b G be a conjugacy class of G and N ⊆ Z(G). Then b G n is a conjugacy class of G for any n ∈ N . Also given any n 1 and
Lemma 2.9. Let K and L be finite groups,
In particular, given any conjugacy classes a K and
given any i ∈ {1, . . . , η(X)} and any j ∈ {1, . . . , η(Y )}, we can check that
Proof of Theorem A. Since p is a prime number and G is a nilpotent group, by Lemma 2.9 we may assume that G is a p-group.
Since
Thus we may assume that |G : C G (ab)
Proof. By symmetry, observe that it is enough to prove that if
given any integer i we have that a
By the previous claim, we may assume that |(aZ)
By induction on the order of G, we have that either η((aZ)
We may assume then that η((aZ)
Proof. Since Y is normal in G, Z is central and |Y : Z| = p, either |G :
We can check also that (a
r z s for some integers r, s ∈ {0, . . . , p − 1}. We can check that then [a, G] = {y
By the previous claim, we may assume that +ti for any integer i ≥ 0. 
Thus we must have that r + 1 ≡ 0 mod p. Fix i ∈ {0, . . . , p − 1}. Let j ∈ {0, . . . , p − 1} such that i ≡ (r + 1)j mod p. Then by (2.16) we have (2.17) ab
where
Since r + 1 ≡ 0 mod p and i ≡ (r + 1)j mod p,
Therefore by Lemma 2.1 we have that either S mod p has one element, or S mod p has at least p+1 2 . By (2.17), we have
2 and the proof of the theorem is complete.
Proof of Theorem B
The following two results are proved in [1] .
Lemma 3.1. Let G be a finite group, a G and b G be conjugacy classes of G.
Lemma 3.2. Let G be a group of odd order and a G be the conjugacy class of a in G. Then
Proof of Theorem B. Since p is a prime number and G is a nilpotent group, by Lemma 2.9 we may assume that G is a p-group.
Thus by Theorem A we have that either η(a distinct conjugacy classes of size p and ii) holds.
Examples
Hypotheses 4.1. Let p be an odd prime and n > 0 be an integer. Let G 0 be a p-group and g G0 0 be a conjugacy class of G with g
where e is the identity of G 0 . Let C =< c > be a cyclic group of order p. Observe that C acts on N by
for any (n 0 , n 1 , . . . , n p−1 ) ∈ N . Let G be the semi direct product of N and C, i.e G is the wreath product of G 0 and C.
Remark. Fix a prime p > 2 and an integer l > 0. Let E be an extraspecial group of exponent p and order p 2l+1 . Let g ∈ E \ Z(E). We can check that g E = gZ(E) and thus
G . Therefore given any prime p and any integer l ≥ 0, there exist a p-group G and a conjugacy class a G such that a G a G = (a 2 ) G and |a G | = p l , and so there always exists a group satisfying the previous hypothesis. 
2 and |a G | = p n . Thus given any integer n > 0 and any prime p > 2, there exist some p-subgroup G and some conjugacy class a
Proof. Observe that a G = {(x, e, . . . , e), (e, x, . . . e), . . . , (e, . . . , e, x) | x ∈ g G0 0 }. Since g
0 and b ∈ C}. Set a i = (g 0 , e, . . . , g 0 , . . . , e), where the second g 0 is in the i-position, for example a 0 = (g 0 g 0 , e, . . . , e) and a 1 = (g 0 , g 0 , e, . . . , e). Now observe that (x, y, e, . . . , e) is G-conjugate to (u, e, . . . , e, v) for any x, y, u, v ∈ g G0 0 . Furthermore, we can check that (x, e, . . . , e, y, e . . . , e), where y is in the i-th position, is G-conjugate to (u, e, . . . , v, e), where v is in the j-position if and only if j ≡ ±i mod p. Thus a G i ∩ a G j = ∅ if and only if j ≡ ±i mod p. We can check that
Remark. Assume Hypotheses 4.1. Let b = (g 0 , g 0 , e, . . . , e) ∈ N . We can check that η(a G b G ) = p − 1. The author wonders if there exist a prime p > 5, a p-group G, and conjugacy classes a G and b G of G with |a
Hypotheses 4.5. Fix a prime p and let F = {0, 1, . . . , p − 1} be the finite field with p elements. Observe that F is also a vector space of dimension 1 over itself. Let A = Aff(F ) be the affine group of F . Observe that the group A is a cyclic by cyclic group and thus it is supersolvable. Let C be a cyclic group of order p. Set X = F and K = C X = {f : X → C}. Observe that K is a group via pointwise multiplication, and clearly A acts on this group (via its action on X).
Let G be the wreath product of C and A relative to X, i.e. G = K ⋊ A. We can check that G is a supersolvable group. Proposition 4.6. Assume Hypotheses 4.5. Let e be the identity of C. Set a = (c, e, e, . . . , , e) in K, where c = e. Then a ∈ G, the conjugacy class a G of G has size p and a G a G = (a 2 ) G ∪ (c, c, e, . . . , e) G . Thus η(a G a G ) = 2. Therefore, given any prime p, there exist a supersolvable group G and a conjugacy class a G of G with |a G | = p and η(a G ) = 2.
Proof. Observe that a G = {(c, e, . . . , e), (e, c, e, . . . , e), . . . , (e, e, . . . , e, c)}. Thus a G has p elements. We can check that (4.7) (a 2 ) G = {(c 2 , e, . . . , e), (e, c 2 , e, . . . , e), . . . , (e, e, . . . , e, c 2 )}.
Also, we can check that the set (c, c, e, . . . , e) G is the set of all elements of the form (e, . . . , e, c, e, . . . , e, c, e, . . . , e), where the two c's are in the i-th and the j-th position for some i, j with 1 ≤ i < j ≤ p. Observe that a G a G = {(c 2 , e, . . . , e), (e, c 2 , e, . . . , e), . . . , (e, e, . . . , e, c 2 )} ∪ (c, c, e, . . . , e) G .
Thus a G a G = (a 2 ) G ∪ (c, c, e, . . . , e) G . Clearly (a 2 ) G = (c, c, . . . , e) G . We conclude then that η(a G a G ) = 2.
